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Abstract: Wilson lines in gauge theories admit several path integral descriptions. The
first one (due to Alekseev-Faddeev-Shatashvili) uses path integrals over coadjoint orbits.
The second one (due to Diakonov-Petrov) replaces a 1-dimensional path integral with a 2-
dimensional topological σ-model. We show that this σ-model is defined by the equivariant
extension of the Kirillov symplectic form on the coadjoint orbit. This allows to define the
corresponding observable on arbitrary 2-dimensional surfaces, including closed surfaces.
We give a new path integral presentation of Wilson lines in terms of Poisson σ-models, and
we test this presentation in the framework of the 2-dimensional Yang-Mills theory. On a
closed surface, our Wilson surface observable turns out to be nontrivial for G non-simply
connected (and trivial for G simply connected), in particular we study in detail the cases
G = U(1) and G = SO(3).
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1 Introduction
Wilson line observables play an important role in gauge theories. Such an observable is
defined by a closed curve Γ and a representation of the gauge group R. It is described by
the formula
WRΓ = TrR P exp
(∫
Γ
A
)
,
where A is a gauge field.
Wilson lines admit several interesting path integral presentations. The first one is due
to Alekseev-Faddeev-Shatashvili [1], and it involves the auxiliary field b = gλg−1, where g
is a group element defined on the curve Γ and λ is the label of the coadjoint orbit which
corresponds to the representation R. The formula reads
WRΓ (A) =
∫
Dg eiSλ(A,g),
– 1 –
where the auxiliary action Sλ(A, g) is given by the expression
Sλ(A, g) =
∫
Γ
Trλ(g−1dg + g−1Ag) =
∫
Γ
Tr b(dgg−1 +A).
The second presentation is due to Diakonov-Petrov, and a path integral of an auxiliary
2-dimensional field theory is defined on the surface Σ bounding the curve Γ,
WRΓ (A) =
∫
Dg ei
∫
Σ
DPλ(A,g).
In [2], this presentation was used in the discussion of the area law for Wilson lines in a
gauge theory with confinement.
In this article, we study the relation between the two path integral presentations. Our
first result is a beautiful formula for the Diakonov-Petrov Lagrangian
DPλ(A, g) = Tr b(FA − (dAgg
−1)2), (1.1)
where FA is the field strength and dAg = dg + Ag. With this definition, the Diakonov-
Petrov action can be defined on closed surfaces and on surfaces with multiple boundary
components.
Our second result is the interpretation of the formula (1.1) in terms of equivariant
cohomology. Coadjoint orbits carry the canonical Kirillov symplectic form. We show that
the expression DPλ(A, g) is the equivariant extension of this symplectic form corresponding
to the action of the gauge group on the orbit.
Next, we use the Diakonov-Petrov formula to give a new path integral presentation of
Wilson lines in terms of the Poisson σ-model. In our case, the Poisson σ-model reduces to
a 2-dimensional BF-theory
S =
∫
Tr b(d(A+ α) + (A+ α)2),
where the field b takes values in the coadjoint orbit, A is the external gauge field and α is
the auxiliary gauge field of the Poisson σ-model. In case when A is a connection on a non
trivial bundle, the expression A+ α defines another connection on the same bundle.
We test our theory of Wilson surfaces in the case of the 2-dimensional Yang-Mills
(2YM) theory. In this case, the YM theory is exactly solvable, and one can see the effects
of adding a Wilson surface observable in the partition function. We look in detail at the
cases of G = U(1), G = SU(2) and G = SO(3). For G = SU(2), a simply connected
group, a Wilson surface of any spin doesn’t change the partition function for a closed
surface. That is, the corresponding observable turns out to be trivial. For G = U(1), a
Wilson surface observable carries a parameter λ ∈ R. For λ ∈ Z the observable is trivial,
and it is nontrivial for λ /∈ Z. In the case of G = SO(3), the Wilson surface observable is
a Z2-valued topological invariant of the SO(3)-bundle, and and we observe an interesting
relation
ei
∫
DP1/2(A,g) =
√
ei
∫
DP1(A,g)
– 2 –
between surface observables of integer and half-integer spin. Observables of integer spin
are trivial (as in the case of G = SU(2)). But the observables of half-integer spin prove
to be nontrivial, and one can see how they change the 2YM partition function on a closed
surface.
Recently, Z2-valued topological invariants appeared in the theory of topological insu-
lators [3–7]. A possible relation of our results with these invariants is to be explored.
Gauge invariant quantities assigned to surfaces rather than curves were extensively
studied in literature [8–11]. Our approach differs from most other approaches in that we
have no higher gauge fields in the game. Our starting point is the standard gauge field
which is a 1-form with values in a Lie algebra. The surface observable is obtained by
using a non-abelian Stokes formula from a Wilson line observable. It is surprising that
this construction allows an invariant formulation suitable for surfaces with many boundary
components and for closed surfaces. It is also surprising that even for closed surfaces one
may construct nontrivial observables (as in the case of G = U(1) or G = SO(3)).
Acknowledgements. We are grateful to Y. Barmaz, P. Severa, S. Shatashvili and
C. Schweigert for useful discussions. The research of A.A. and O.C. was supported in
part by the grant MODFLAT of the European Research Council (ERC), the grants 152812
and 141329 and the NCCR SwissMAP of the Swiss National Science Foundation. P. M.
acknowledges partial support of RFBR Grant No. 13-01-12405-ofi-m. We would like to
thank the referee of this article for very useful remarks and questions.
2 A simple example: the case of G = U(1)
We start with a simple example of the first Chern class of a principal circle bundle over
an orientable surface Σ. Let P → Σ be a principal U(1)-bundle, and let a˜ ∈ Ω1(P ) be a
connection on P . Then, Fa˜ = da˜ is the curvature of P and the first Chern form. It is basic
and descends to a 2-form on Σ. If Σ is closed, then
c1(P ) =
1
2π
∫
Σ
Fa˜ (2.1)
is an integer called the first Chern number of P . One can view the defining equation for
the curvature, Fa˜ = da˜ as the definition of the 1-dimensional Chern-Simons form [12, 13],
Fa˜ = dCS1(a˜),
where CS1(a˜) = a˜.
Assume that the surface Σ is connected, orientable and has a nontrivial boundary
Γ = ∂Σ 6= ∅. Then, the circle bundle P is necessarily trivial. Let’s choose a global section
σ : Σ→ P and define the gauge field a = σ∗a˜ so that Fa = σ
∗Fa˜.
1 Then, one can define a
1To distinguish between various connections appearing in the paper, in 1-dimensional CS-theory we use
the Gothic letter a˜ for the connection 1-form on the principal bundle and the latin letter a for the 1-form
representing this connection on the manifold.
– 3 –
quantity S(a) associated to Σ via
S(a) =
∫
Σ
Fa.
We can think of this expression as of the simplest surface observable associated to the
surface Σ. Using the Stokes formula, we obtain
S(a) =
∫
Σ
Fa =
∫
Σ
da =
∫
Γ
a. (2.2)
Let φ : Σ→ U(1) and consider the gauge transformation aφ = a+dφ. Then, the curvature
Fa is gauge invariant, and so is the expression for the surface observable
∫
Σ Fa.
However, in the expression
∫
Γ a the gauge invariance is lost! Indeed,∫
Γ
aφ =
∫
Γ
(a+ dφ) =
∫
Γ
a+ (φ(2π) − φ(0)) . (2.3)
In general, φ(2π) − φ(0) = 2πn with n ∈ Z. The fact that the left hand side of (2.2) is
gauge invariant and the right hand side is not may appear as a contradiction. But there
is a solution to this puzzle: for gauge transformations defined on the surface Σ (that is,
φ : Σ→ U(1)) we have φ(2π) = φ(0), and the extra term φ(2π) − φ(0) always vanishes.
If we use the expression S(a) =
∫
Γ a and admit arbitrary gauge transformations defined
on Γ, it is the exponential exp(iS(a)) which becomes gauge invariant, while S(a) is not
gauge invariant in general.
3 Two path integral presentations of Wilson lines
In this Section, we shall discuss an example of the bulk-boundary correspondence based
on the path integral description of Wilson lines in gauge theory.
3.1 The Alekseev-Faddev-Shatashvili (AFS) formula
Let G be a compact connected Lie group, g = Lie(G) its Lie algebra, and Tr an invariant
scalar product on g. Consider a manifold N , and let P be a principal G-bundle P → N .
A connection A2 is given by a g-valued 1-form on P .
Let Γ ⊂ N be a closed curve. The restriction of P to a closed curve Γ is always trivial
(since the group G is connected). Hence, we can use a connection 1-form A ∈ Ω1(Γ, g)
instead of A.
A Wilson line [14–16] is an observable defined by the holonomy of the gauge field A
along a closed curve Γ, embedded in N , and a finite dimensional representation R of G. It
is given by the formula
WRΓ (A) = TrR P exp
(∫
Γ
AR
)
, (3.1)
2For general non-abelian case we use the capital Gothic letter A to denote the connection 1-form on the
principal bundle and the capital letter A for the 1-form representing this connection on the manifold.
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where AR is a matrix-valued 1-form obtained by taking A in the representation R,
AR = Aai t
R
a dx
i.3 (3.2)
The path ordered exponential P exp stands for the holonomy of the gauge field,
P exp
(∫
Γ
AR
)
= 1 +
∫
Γ
AR +
1
2!
∫
s1>s2
AR(s1) ∧A
R(s2) + . . . (3.3)
where s1, s2 are parameters on the curve Γ.
Irreducible finite dimensional representations of G are in one-to-one correspondence
with integral coadjoint orbits O ⊂ g∗ [17]. In more detail, an irreducible representation is
uniquely determined by its highest weight λ ∈ h∗, where h ⊂ g is a Cartan subalgebra of g
[18, 19]. Then, one can associate to λ the orbit of the coadjoint action in the space g∗. By
abuse of notation, we write it as a matrix conjugation
Ad∗g(λ) = gλg
−1, (3.4)
and denote the coadjoint orbit by
Oλ = {gλg
−1; g ∈ G}. (3.5)
A path integral presentation of Wilson lines described by Alekseev-Faddeev-Shatashvili
(see also [20–24]) works as follows. Let b : Γ→ g∗ be an auxiliary field defined on the curve
Γ and taking values in Oλ. In addition, we introduce a field g : Γ→ G which takes values
in G, with the property b(s) = g(s)λg(s)−1. Then,
WRΓ =
∫
Dg eiSλ(A,g), (3.6)
where
Sλ(A, g) =
∫
Γ
Trλ(g−1dg + g−1Ag) =
∫
Γ
Tr b(dgg−1 +A). (3.7)
We can introduce the differential form
AFSλ(A, g) = Trλ(g
−1dg + g−1Ag) = Tr b(dgg−1 +A), (3.8)
such that
Sλ(A, g) =
∫
Γ
AFSλ(A, g).
This action is invariant with respect to the following gauge transformations with pa-
rameter h : Γ→ G:
g 7→ hg, A 7→ Ah = hAh−1 − dhh−1, b 7→ hbh−1.
3Summation is implied over the repeated indices.
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Indeed, it is easy to check that
AFSλ(A
h, hg) = Trλ((hg)−1d(hg) + (hg)−1(hAh−1 − dhh−1)hg)
= Trλ(g−1dg + g−1Ag)
= AFSλ(A, g).
Hence, Sλ(A
h, hg) = Sλ(A, g).
It is interesting to consider another class of gauge transformations
g 7→ gt−1, t ∈ Hλ,
where Hλ is the subgroup of G preserving λ under the coadjoint action:
Hλ = {h ∈ G; hλh
−1 = λ}.
For λ ∈ h∗ generic, Hλ is the Cartan subgroup of G. However, Sλ(A, g) is not invariant
under these transformations. Instead, it acquires an additional term:
Sλ(gt
−1, A) = Sλ(g,A) −
∫
Γ
Trλ(dtt−1) = Sλ(g,A) − 2πTr(λ~n), (3.9)
where ~n =
∫
Γ dtt
−1. The components of ~n are the winding numbers of the map t : Γ→ Hλ.
The exponential eikSλ(g,A) is gauge invariant if
kTr (λ~n) ∈ Z
for vectors ~n ∈ Zr. If λ is an integral weight, then Tr(λ~n) is always an integer. This
requires the coefficients k to be quantized.
3.2 The Diakonov-Petrov (DP) formula
The second presentation of the Wilson line is due to Diakonov and Petrov who came up
with the following formula:
DP = dAFSλ(A, g). (3.10)
Expanding the form dAFSλ(A, g) we obtain the expression for the Diakonov-Petrov La-
grangian in terms of a matrix-valued 1-form A and a matrix-valued function g:
dAFSλ(A, g) = d Trλ(g
−1dg + g−1Ag)
= Trλ(dg−1dg + dg−1Ag + g−1dAg − g−1Adg)
= Trλ(−g−1dgg−1dg − g−1dgg−1Ag + g−1dAg − g−1Agg−1dg)
= Trλ(g−1FAg −
1
2g
−1[A,A]g − 12 [g
−1dg, g−1dg]− [g−1dg, g−1Ag])
= Tr b(FA −
1
2 [dgg
−1 +A, dgg−1 +A])
= Tr b
(
FA − (dAgg
−1)2
)
= DPλ(A, g),
where we used dA = FA −
1
2 [A,A], dg
−1 = −g−1dgg−1 and dAg = dg +Ag.
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Now consider a surface Σ bounded by the curve Γ. One can use the Stokes formula to
give a new expression for the action Sλ(A, g),
Sλ(A, g) =
∫
Γ
AFSλ(A, g) =
∫
Σ
DPλ(A, g) =
∫
Σ
Tr b
(
FA − (dAgg
−1)2
)
.
The right hand side is manifestly gauge invariant whereas the expression
∫
ΓAFSλ(A, g) is
not. The explanation is similar to the one that we encounter in the case of G = U(1):
for gauge transformations g : Σ → G, both expressions for the action are gauge invariant;
which is not necessarily the case for the integral of AFSλ(A, g) if one considers a gauge
transformation g : Γ→ G.
The path integral is taken over all configurations of the field g including all boundary
values.
4 Equivariant cohomology approach
The main result of this Section is the equivariant cohomology [25–28] interpretation of the
Diakonov-Petrov formula.
4.1 The Weil model of equivariant cohomology
Let M be a smooth manifold, G be a compact connected Lie group acting on M and g be
the Lie algebra of G. To every ξ ∈ g we associate the fundamental vector field ξM ∈ X(M).
The de Rham differential d, contractions ıMξ and Lie derivatives L
M
ξ act on the space
of differential forms Ω∗(M), and satisfy the relations
[ıMξ , ı
M
η ] = 0, [L
M
ξ , ı
M
η ] = ı
M
[ξ,η], [L
M
ξ , L
M
η ] = L
M
[ξ,η], [d, ı
M
ξ ] = L
M
ξ , [d, L
M
ξ ] = 0, [d, d] = 0,
where [−,−] stands for a supercommutator.
Together, they form a Lie superalgebra G. One natural class of representations of G
are spaces of differential forms Ω∗(M). Another representation is the Weil algebra:
WG := Sg
∗ ⊗ ∧g∗, (4.1)
which is constructed by taking the product of the symmetric and exterior algebras of the
dual space to g. The Weil algebra is graded by assigning degree 2 to generators of Sg∗ and
degree 1 to generators of ∧g∗,
W lG = ⊕j+2k=lS
kg∗ ⊗ ∧jg∗. (4.2)
It is convenient to introduce elements a, f ∈WG⊗ g constructed as follows: a is a element
in ∧1g∗ ⊗ g defined by the canonical pairing between g and g∗. Similarly, f ∈ S1g∗ ⊗ g.
– 7 –
The superalgebra G acts on WG as follows:
da = f −
1
2
[a, a], df = [f, a]. (4.3)
ıWξ a = ξ, ı
W
ξ f = 0. (4.4)
LWξ f = [f, ξ], L
W
ξ a = [a, ξ]. (4.5)
One can think of a as a universal connection on a principal G-bundle. Then, the first
formula in (4.3) gives the standard definition of the curvature and the second one is the
Bianchi identity.
As representations of G are carried by both Ω∗(M) and WG the diagonal action on the
tensor product can be defined. Thus d, ıξ, Lξ act on Ω
∗(M)⊗WG as follows:
Lξ = L
M
ξ ⊗ 1 + 1⊗ L
W
ξ ,
ıξ = ı
M
ξ ⊗ 1 + 1⊗ ı
W
ξ ,
d = d⊗ 1 + 1⊗ d.
(4.6)
The space Ω∗G(M) of equivariant forms on M is then defined as the basic part of
Ω∗(M)⊗WG:
Ω∗G(M) := {α ∈ Ω
∗(M)⊗WG|Lξα = 0, ıξα = 0}.
And the Weil model of equivariant cohomology on M is defined as:
H∗G(M) = H
∗(Ω∗G(M), d⊗ 1 + 1⊗ d). (4.7)
4.2 The form DPλ(A, g) as an equivariant cocycle
Now we consider in more detail the Diakonov-Petrov action, where the form
DPλ(A, g) = Trλ(g
−1FAg −
1
2
g−1[A,A]g −
1
2
[g−1dg, g−1dg]− [g−1dg, g−1Ag]) (4.8)
is of particular interest. Here A is the gauge field on N and FA is its curvature. We can
now construct an equivariant differential form on the orbit Oλ by replacing A with a and
FA with f . The resulting element has the form
DPλ(a, g) = Trλ(g
−1fg −
1
2
g−1[a, a]g −
1
2
[g−1dg, g−1dg] − [g−1dg, g−1ag]) (4.9)
It is a well-known fact that the coadjoint orbits Oλ ⊂ g
∗ (discussed in the previous Section)
are symplectic manifolds (Oλ,̟O). Here the symplectic form ̟O on Oλ can be identified
as one of the terms in DPλ(a, g):
̟O = −Trλ(g
−1dg)2 = −Tr b(dgg−1)2. (4.10)
– 8 –
This is a closed and non-degerate 2-form also known as the Kirillov form.
Our first claim is that DPλ(a, g) is equivariantly closed. Indeed,
DPλ(a, g) = dAFSλ(a, g) = dTrλ(g
−1dg + g−1ag).
Hence, dDPλ(a, g) = 0.
Futhermore, applying the combined contraction gives:
ıξDPλ(a, g) = Tr b(−
1
2
[−ξgg−1 + ξ, dgg−1 + a] +
1
2
[dgg−1 + a,−ξgg−1 + ξ]) = 0, (4.11)
where we have used that ıξ(dg) = −ξg.
Closedness and horizontality of DPλ(a, g) imply vanishing of its Lie derivative:
LξDPλ(a, g) = (ıξd+ dıξ)DPλ(a, g) = 0. (4.12)
The two conditions LξDPλ(a, g) = 0, ıξDPλ(a, g) = 0 being satisfied, DPλ(a, g) is an
equivariant differential form on the coadjoint orbit Oλ. Since it is equivariantly closed, we
can view it as an equivariant extension of the Kirillov symplectic form.
5 Poisson σ-model formula for a Wilson line
In this Section, we introduce another description for a Wilson line observable in terms of
a 2-dimensional path integral.
Recall that for a Poisson manifold (M,π) with Poisson structure
π =
1
2
πij
∂
∂xi
∧
∂
∂xj
,
the corresponding Poisson σ-model [29–31] is defined by the action
Sπ(X,α) =
∫
Σ
(
αidX
i +
1
2
πij(X)αi ∧ αj
)
.
Here X : Σ → M is a map of the surface Σ to the target space M , Xi = xi ◦ X are its
components, and αi are 1-forms on Σ representing gauge fields of the Poisson σ-model. In
case when πij is invertible, one can integrate out the fields α to obtain an integral of the
symplectic form ωij = (π
−1)ji:
Sω =
1
2
∫
Σ
ωijdX
i ∧ dXj . (5.1)
In particular, when Σ is a surface with boundary the path integral is taken over all X,
including boundary values, and over the auxiliary fields α which vanish on the boundary:∫
α|∂Σ=0
DXDαeiS
pi(X,α) =
∫
DXeiSω(X).
– 9 –
Now let the target space be Oλ, a coadjoint orbit of G passing through the point λ.
(For this part of the discussion we avoid unnecessary complexity and work with a trivial
G-bundle over the world-sheet Σ.) The form ω is given by (4.10), and the action (5.1)
reads
S̟O = −
∫
Σ
Trλ(g−1dg)2 = −
∫
Σ
Tr b(dgg−1)2.
To construct the Poisson σ-model on the coadjoint orbit, we have to add the auxiliary
gauge fields α ∈ Ω1(Σ, g). The action Sπ is given by
Sπ(b, α) =
∫
Σ
Tr b(dα + α2). (5.2)
And again, for Σ a surface with boundary we impose the condition that the auxiliary
field α vanishes on the boundary.4 In fact, in the expression (5.2) one can identify the
2-dimensional BF-theory [32] with an extra condition that b belongs to a fixed coadjoint
orbit.
To make the relationship between S̟O and S
π more transparent, we rewrite the latter
as follows: ∫
Σ
Tr b(dα+ α2) =
∫
Σ
Tr b
(
(dgg−1 + α)2 − (dgg−1)2
)
, (5.3)
where we have used integration by parts and the fact that Trb[dgg−1, α] = Tr[b, dgg−1]α =
−Tr(db)α. It is now clear that integrating out α yields the expression for S̟O .
Recall that the Diakonov-Petrov form (4.8) is an equivariant extention of the Kirillov
form and thus the Diakonov-Petrov action
SDP =
∫
Σ
Trb(FA − (dAgg
−1)2)
can be viewed as a version of the action S̟O interacting with the external gauge field A.
Introducing an auxiliary gauge field α and performing the transformations similar to (5.3)
we define the Poisson σ-model version of this action by
Sσ(b,A, α) =
∫
Σ Tr b
(
FA + (dAgg
−1 + α)2 − (dAgg
−1)2
)
=
∫
Σ Tr b
(
FA + dAα+ α
2
)
=
∫
Σ Tr b
(
d(A+ α) + (A+ α)2
)
.
(5.4)
From the first line, it is obvious that integrating out α yields the Diakonov-Petrov ac-
tion. Surprizingly, the final expression coincides with the Poisson σ-model for the coadjoint
orbit (5.2), but with the new gauge field A+ α combining the background field A and the
gauge field of the Poisson σ-model α.
Up to now all the argumentation above works in the case when A is a gauge field on
a trivial G-bundle over Σ. If this is not the case, a further analysis is required. In fact,
4If further on we want to perform gluing on the surface observable, instead of fixed α|∂Σ = 0 we then
allow a family of boundary conditions α|∂Σ = α0 and integrate over α0 for gluing.
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for a nontrivial geometric setup all the formulas still hold. However, one should be more
precise about where the fields take values. Let P → Σ be a (possibly nontrivial) principal
G-bundle and A ∈ Ω1(P, g) be a connection on P . The curvature FA = dA +A
2 belongs
to Ω2hor(P, g)
G, the space of horizontal G-invariant 2-forms with values in g. Since the
expression ∫
Σ
Tr bFA
makes part of the action Sσ(b,A, α), the field b must take values in Ω
0
hor(P, g)
G, that is in
G-invariant functions on P with values in g. The expression Tr bFA is then a horizontal
invariant 2-form on P , and it descends to Σ. In a similar fashion α ∈ Ω1hor(P, g)
G, and
interestingly the combination A+ α defines a new connection on P .
6 The interpretation of surface observables in terms of topology of prin-
cipal bundles
In this Section, we give an interpretation of the surface observables in terms of the first
Chern class of the bundle [33–36] with the structure group Hλ.
Let N be a manifold (space-time), P → N be a principle G-bundle over N , Σ ⊂ N
be a submanifold of N , and P |Σ → Σ be the restriction of the principal bundle P to Σ.
Assume that over Σ the structure group G of P reduces to a subgroup H ⊂ G. That is, Σ
carries a principal H-bundle Q→ Σ, and there is an H-equivariant inclusion i : Q → P |Σ .
The bundle Q → Σ is a pull-back of the universal bundle EH → BH under the map
σ : Σ → BH. It induces a map in cohomology σ∗ : H∗(BH) → H∗(Σ). Since Σ is 2-
dimensional, we are particularly interested in the cohomology group H2(BH) ∼= char(h) ⊂
h∗. Here char(h) is the set of characters of the Lie algebra h,
char(h) = {λ ∈ h∗; 〈λ, [x, y]〉 = 0 for all x, y ∈ h}. (6.1)
For a closed surface Σ, we will show that the surface observable of the previous sections
is given by ∫
Σ
σ∗cλ,
where cλ ∈ H
2(BH) is the image of λ ∈ char(h).
In more detail, the form DPλ(a, g) defined on a universal G-bundle can be viewed as
an element of Ω2G(P × Q, g). Let π : g → h be an H-equivariant projection from g to h,
and let
a = π(g−1dg + g−1Ag). (6.2)
This is an element of Ω1(P ×Q, h). We will show that
DPλ(A, g) = Trλ(da+ a
2). (6.3)
First, observe that the condition (6.1) implies Trλ(a2) = 0. Indeed, a2 = 12 [a, a] and a
– 11 –
takes values in h. Thus, we are interested in the expression
Trλda = Trλ (da+ a2).
Second, recall the structure of the invariant pairing between the elements of h and its
dual h∗, λ ∈ h∗ being an element of the dual to the Cartan subalgebra of g. One can view
g as a direct sum of the subalgebra h and its invariant complement p (that is, [h, p] ⊂ p):
g ∼= h⊕ p.
Then the invariant product between two elements is defined in the following way:
Tr (λx) = 〈λ, x〉 for λ ∈ h∗, x ∈ h,
Tr (λy) = 0 for λ ∈ h∗, y ∈ p.
And the product of λ with an element of g under projection to h is the same as the product
of λ with this element itself:
Tr (λπ(x+ y)) = Tr (λx) = Tr (λ(x+ y)) = 〈λ, x〉.
Thus the following direct computation proves our claim:
Trλ(da + a2) = Trλda
= Trλπ(d(g−1dg + g−1Ag))
= Trλπ(g−1FAg −
1
2g
−1[A,A]g − 12 [g
−1dg, g−1dg]− [g−1dg, g−1Ag])
= Trλπ(g−1FAg − (g
−1dAg)
2)
= Trλ(g−1FAg − (g
−1dAg)
2)
= DPλ(A, g).
Hence, we conclude∫
Σ
DPλ(A, g) =
∫
Σ
Trλ(da+ a2) =
∫
Σ
σ∗cλ, (6.4)
as required. Thus, our more sophisticated definition for a surface observable in the case of
G non-abelian is structurally the same as the one in the case of G = U(1). And the value
of the observable can be identified with the first Chern number c1(Q) of the bundle Q ⊂ P
over Σ.
7 Application to 2-dimensional Yang-Mills theory
In this Section, we study the effects of adding a Wilson surface in the 2D Yang-Mills
theory. Since this theory is exactly solvable [37–46], one obtains explicit formulas for
partition function in the presence of a Wilson surface.
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7.1 2-dimensional Yang-Mills theory
Recall that the action of the Yang-Mills theory is given by
SYM (A) =
1
4e2
∫
Σ
TrFA ∗ FA, (7.1)
where ∗ is the Hodge dual defined by the metric on the surface Σ. In the first order
formalism, this action can be rewritten as
S(A,B) =
∫
Σ
Tr(BFA +
e2
2
B2d2σ), (7.2)
where B is an auxiliary field and d2σ is the area element on Σ.
The canonical quantization of the theory on a cylinder S1×R gives rise to the Hilbert
space with a basis χR(w), where R runs through the set of irreducible representations of
G, and
w = Pexp
∫
S1
A
is the holonomy of A around S1. The partition function of the theory on an orientable
surface of genus g with r boundary components reads
Z(τ, w1, . . . , wr) =
∑
R
d2−2g−rR e
−τC2(R)χR(w1) . . . χR(wr). (7.3)
Here τ = e
2
2 σ, σ the area of the surface, w1, . . . , wr are holonomies of A around the
boundary components, the sum runs over all irreducible representations of G, and C2(R)
is the quadratic Casimir in the representation R. In particular, for a closed surface one
obtains
Z(τ) =
∑
R
d2−2gR e
−τC2(R). (7.4)
For more details see e. g. [47, 48].
7.2 U(1)
As a warm up example, we consider the case G = U(1). The partition function for 2D-
YM with Wilson surface can be obtained through Hamiltonian formalism. The idea is to
construct the new Hamiltonian which already contains the Wilson surface. The formula
for the partition function would be:
Zλ(τ) = Tr e
−itHλ , (7.5)
where Hλ is the Hamiltonian of the theory perturbed by a Wilson surface operator:
Let w = ei
∫ L
0
dxA1 be a holonomy around a curve of a constant time slice. The rep-
resentations of U(1) are labelled by integers n ∈ Z. The characters of the representations
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are χn(w) = w
n. Then the eigenvalues of the Hamiltonian are given by:
Hλχn(w) =
e2
2
L(n− λ)2χn(w),
where L is the length of the cylinder on which the quantization takes place. And the
partition function becomes:
Zλ(τ) =
∑
n∈Z
e−iτ(n−λ)
2
. (7.6)
Notice that the label of the representation n gets a shift by −λ due to the presence of the
Wilson surface.
On the other hand, recall that in the case of G = U(1) the Wilson surface observable
S(A) coincides with the first Chern class of the corresponding U(1)-bundle. Hence, after
adding a factor exp(iS(A)) in the definition of the partition function the calculation of the
path integral yields
Zλ(τ) =
∫
DAeiSYM+iSλ = β
∑
m∈Z
eiπ
2m2/τ+i2πλm. (7.7)
where β is a constant and the meaning of the parameter m is the first Chern number of
the U(1)-bundle over Σ.
A nice observation can be made that the partition function computed from the Hamil-
tonian formalism (the sum over the representations) is related through the Poisson resum-
mation to the partition function obtained from the functional integral formalism (the sum
over the first Chern number of the U(1)-bundles over Σ):
∑
n∈Z
e−iτ(n−λ)
2
=
√
π
iτ
∑
m∈Z
eiπ
2m2/τ+i2πλm.
From this resummation we can deduce the value of the constant β =
√
π
iτ .
7.3 G arbitrary
We shall use the Poisson σ-model action representing the Wilson surface observable. In
the first order formalism, the total action reads
S =
∫
Σ
Tr
(
BFA +
e2
2
B2d2σ + bFA+α
)
, (7.8)
where FA+α = d(A+α)+(A+α)
2 is the field strength of the gauge field (A+α) calculated
in equation (5.4). Hence, we obtain two non-interacting BF-theories. The first one has
a Hamiltonian e
2
2 TrB
2, and the field B can vary in g∗. The second one has vanishing
Hamiltonian, and the field b takes values in the coadjoint orbit passing through λ. The
Hilbert space of such a system has a basis
ψR(A,α) = χR(w(A))χRλ(w(A+ α)), (7.9)
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where R runs through irreducible representations of G, Rλ is the irreducible representation
corresponding to the coadjoint orbit passing through λ, and
w(A) = Pexp
∫
S1
A , w(A+ α) = Pexp
∫
S1
(A+ α).
Since only the first BF-theory contributes in the Hamiltonian, its eigenvalue on ψR(A,α)
is given by C2(R), as in the pure YM theory.
On a surface of genus g with r boundary components, the partition function reads
Zλ(τ,A, α)) = d
−r
Rλ
∑
R
d2−2g−rR e
−τC2(R)χR(w1(A)) . . . χR(wr(A))χRλ(w1(A+α)) . . . χRλ(wr(A+α))
(7.10)
In particular, for a closed surface we obtain exactly the same expression as for the pure
YM theory:
Zλ(τ) =
∑
R
d2−2gR e
−τC2(R) = Z(τ).
The Wilson surface observable which has no effect on the partition function is hardly of
any interest. However, while considering the cases when Rλ is a projective representation of
the gauge group G, we obtain nontrivial results. The difference is transparent in the U(1)
example discussed in the previous subsection. If in formulas (7.7) and (7.6) λ is an integral
weight of the U(1) representations, the shift of the Chern number in the exponential is
not visible. If we allow λ to be a weight of a representation of R (that is, a projective
representation of U(1)) the partition function changes. The same principle is applies to a
more interesting example of the gauge group SO(3) and its universal cover SU(2) which
we discuss in more detail in the next section.
7.4 SU(2) and SO(3) in Hamiltonian formalism
We now apply the general formalism of the previous section to the case of G = SU(2) and
G = SO(3). We keep the notation Z(τ) for the partition function of the free 2YM theory
and Zλ(τ) for the theory with a Wilson surface of spin λ.
ForG=SU(2), irreducible representations are labeled by integer and half-integer spins
j. The dimension of such a representation is 2j + 1, and the quadratic Casimir element is(
j + 12
)2
. The corresponding formula for the partition function on the surface of genus g
with r boundary components reads
Zλ(τ,A, α) = (2λ+ 1)
−r
∑
j∈Z≥0/2(2j + 1)
2−2g−re−τ(j+1/2)
2
×
×χj(w1(A))...χj(wr(A))χλ(w1(A+ α))...χλ(wr(A+ α)).
(7.11)
Here the sum is over non negative integer and half-integer values of j, and the characters
of irreducible representations are defined by formula
χj
(
c 0
0 c−1
)
=
cj+1/2 − c−(j+1/2)
c1/2 − c−1/2
. (7.12)
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For the closed surface, we get the following result
Zλ,SU(2)(τ) =
∑
j∈Z≥0/2
(2j + 1)2−2ge−τ(j+1/2)
2
(7.13)
which coincides with the partition function Z(τ) without Wilson surface.
In the case of G=SO(3), the partition function for a closed surface may be calculated
as a sum of contributions of the trivial and nontrivial bundles over Σ [49]:
ZSO(3)(τ) = Z
triv(τ) + Znontriv(τ). (7.14)
Here the contribution of the trivial bundle
Ztriv(τ) =
1
2
ZSU(2)(τ).
To obtain the contribution of the nontrivial representation, we consider the partition func-
tion of the surface with a disc removed, in such a way that one boundary component
appears:
Z(τ, w) =
∑
j∈Z≥0/2
(2j + 1)1−2ge−τ(j+1/2)
2
χj(w), (7.15)
and then put w = −e (the nontrivial central element of SU(2)) to get
Znontriv(τ) = 12Z(τ,−e)
= 12
∑
j∈Z≥0/2(2j + 1)
1−2ge−τ(j+1/2)
2
χj(−e)
= 12
∑
j∈Z≥0/2(−1)
2j(2j + 1)2−2ge−τ(j+1/2)
2
.
(7.16)
The resulting partition function for SO(3) yields
ZSO(3)(τ) =
∑
j∈Z≥0
(2j + 1)2−2ge−τ(j+1/2)
2
,
where the sum is now over non negative integer spins, as expected.
Now we apply the same procedure to a partition function with Wilson surface of spin
λ. For the trivial part we obtain
Ztrivλ (τ) =
1
2
∑
j∈Z≥0/2
(2j + 1)2−2ge−τ(j+1/2)
2
, (7.17)
as before. And the nontrivial contribution yields:
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Znontrivλ (τ) =
1
2 Zλ(τ,−e,−e)
= 12(2λ+1)
∑
j∈Z≥0/2(2j + 1)
1−2ge−τ(j+1/2)
2
χj(−e)χλ(−e)
= (−1)
2λ
2
∑
j∈Z≥0/2(−1)
2j(2j + 1)2−2ge−τ(j+1/2)
2
.
(7.18)
If the spin of the Wilson surface observable λ is an integer, summing up the two con-
tributions reproduces the same answer as for the theory without Wilson surface. However,
if λ is half-integer, we have (−1)2λ = −1 and partition function is changed by the presence
of the observable:
Zλ,SO(3)(τ) =
∑
j∈ 1
2
+Z≥0
(2j + 1)2−2ge−τ(j+1/2)
2
, (7.19)
where the sum is over j which now take only half-integer values!
Thus the formula for the partition function in 2YM with a Wilson surface observable
for the gauge group G = SO(3) is given by
Zλ,SO(3)(τ) =
∑
j∈Z≥0(2j + 1)
2−2ge−τ(j+1/2)
2
, λ ∈ Z≥0,
Zλ,SO(3)(τ) =
∑
j∈ 1
2
+Z≥0(2j + 1)
2−2ge−τ(j+1/2)
2
, λ ∈ 12 + Z
≥0.
(7.20)
Note, that we observe a shift of the representation labels j, similar to the U(1) case
formula (7.6).
7.5 Topological approach to SU(2) and SO(3) partition functions
In this Section, we would like to confirm by path integral computations the results obtained
previously for G = SO(3) . Recall that for pure SO(3) Yang-Mills theory on a closed surface
we have
Z(τ) =
∫
DADg eiSYM = Ztriv(τ) + Znontriv(τ),
where on the right hand side we split the contributions of trivial and nontrivial SO(3)-
bundles over the surface.
For the theory with Wilson surface observable, the partition function is
Zλ,SO(3)(τ) =
∫
DADg eiSYM +i
∫
DPλ(A,g). (7.21)
It turns out that the Wilson surface factor ei
∫
DPλ(A,g) only depends on the topological
type of the bundle and not on the particular gauge field choices on this bundle.
Recall the topological description of the observable given in Section 6 and assume that
the field g defines a circle subbundle Q ⊂ P . Then according to the formula (6.4), the term
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of the action corresponding to the Wilson surface is
Sλ =
∫
DPλ(A, g) =
∫
Trλda = 2πλc1(Q). (7.22)
Here a ∈ Ω1(Q,Lie(S1)) is a connection 1-form on the subbundle Q taking values in the
Lie algebra of S1, c1(Q) =
1
2π
∫
Σ da is the first Chern number of the S
1-subbundle over Σ
and λ is the coefficient of the Wilson surface with the meaning of spin.
Note that for 2YM the SO(3)-bundle and the S1-subbundle are over the same base-
space Σ. Hence the SO(3)-bundle P → Σ is completely determined by its subbundle Q→
Σ. In more detail, since S1 ⊂ SO(3) we are allowed to use the transition functions φ ∈ S1
of Q as transition functions of P . The SO(3)-bundle is then given by P = SO(3) ×S1 Q.
5
The transition function of Q is φ : S1 → S1, and the transition function of P is
φˆ : S1 → S1 → SO(3). It is obtained from φ by composition with the embedding of the
maximal torus S1 → SO(3). The equivalence class of the bundle P is determined by the
homotopy class [φˆ] ∈ π1(SO(3)) = Z2 = {+1,−1}. At the same time the equivalence
class of the subbundle Q is determined by [φ] ∈ π1(S1) = Z which corresponds to an
integer winding number and hence to the first Chern number c1(Q). The relation between
the winding number and c1(Q) is transparent from the formula (2.3). The induced map
between the bundles equivalence classes Z → Z2 maps even Chern numbers to the trivial
element of Z2 and odd Chern numbers to the nontrivial one [52]. Then an SO(3)-bundle
defined by an S1-subbundle with an even Chern class is trivial, and an SO(3)-bundle
defined by a subbundle with an odd Chern class is necessarily nontrivial.
Another interpretation of the map Z → Z2 between the bundles equivalence classes
can be given. For Σ connected and orientable, an SO(3)-bundle P → Σ is completely
determined, up to a bundle isomorphism, by its 2nd Stiefel-Whitney class w2 ∈ H
2(Σ,Z2) ≃
Z2, while a U(1)-bundle Q is determined by its 1st Chern class c1 ∈ H
2(Σ,Z) ≃ Z. For
P = Q×U(1) SO(3), these classes are related by w2(P ) = c1(Q) mod 2.
The Wilson surface factor in the functional integral then gives:
ei2πλc1(Q) = +1, P is trivial,
ei2πλc1(Q) = +1, P is nontrivial, λ ∈ Z≥0,
ei2πλc1(Q) = −1, P is nontrivial, λ ∈ 12 + Z
≥0.
(7.23)
Note that the exponentials for surface observables for λ = 1/2 and for λ = 1 are related
as follows:
ei
∫
DP1(A,g) =
(
ei
∫
DP1/2(A,g)
)2
or
ei
∫
DP1/2(A,g) =
√
ei
∫
DP1(A,g).
5This is a particular instance of the construction of relative bundles (see [50]) used to describe topological
defects in [51].
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That is, the surface observable for half-integer spin is a nontrivial square root of the ob-
servable for integer spin.
For λ half-integer the nontrivial part of the partition function acquires a factor −1 and
becomes
Znontrivλ (τ) = −
1
2
∑
j∈Z≥0/2
(−1)2j(2j + 1)1−2ge−τ(j+1/2)
2
.
This leads to the following formula:
Zλ,SO(3)(τ) = Z
triv(τ) + Znontriv(τ), λ ∈ Z≥0
Zλ,SO(3)(τ) = Z
triv(τ)− Znontriv(τ), λ ∈ 12 + Z
≥0.
(7.24)
Summing up the trivial and nontrivial contributions reproduces exactly the result of
the equation (7.20). For the SU(2) gauge group the bundle P is necessarily trivial and the
Wilson surface does not affect the 2YM partition function.
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